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OVERSTRAIY OF HIGH-STRENGTII ¢ ND
CYLINDERS O ‘NTERMEDIATE DIAMI RATIO

T. E. DAvipsoxn, 7. 8, BARTON,* A, N, } o3 P KESBALE
Watervlict Arsenal, Waterylic:

Al-fract —Those assaciated with the pressure vesse! “ave lang been interested in
means for increasing the elastic load carrying capa | dhick-wall eylinders. Over
the years, such techniques as wire wrapping, bore guuching and the more commion
jocketing and autofrettage have been utilized.

Recent requirements in the pressure vessel and weapons fields now make it necessary
to consider moonos for even further inereasing the elustic loud carrying capacity of
eylinders fiubticated from high-strength materials. This puper deseribes the results of an
expatiniental program assodiated with the application of the autofrettage principle to
nriterials in the 160,000-190,000 psi yicld strength level and diameter ratio range of
F1-2.4,

D are prosented for the elastic breakdown and full overstrain pressure as a

o of diameter nutio an! compared to that theoretically predicted based on the
Trescu and von Mises yiek! eriteria,

Datw are also presented for the perniment enkuagement and enlargement ratio
aveonintad with the eomplete ovemeeain condition.

i ab euitions for tlie strcsses g seradivg in both

@ placii= = of S vwerstoained openeenad eyt Do T Jlese Cuations

are tsed on un approsinadion of e von N e viehd eriterion ard show very good
agreement with the experiincnn roso'is

LIST @F +. "fROLS

= pressure
unit strain
stress
= yield stress
- variable radius
inside radius
= oulside radius
radius of listic —plastic inteeface
= diameter ratio, b'a
= Poisson’s nutio
Young's xodulus of elasticity
= pressure factor. Ploy,
strain factor, el o,
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w = radial displacement
PER := permanent enlargement ratio

Subseripts

¢ == langential

¢ == fadial

= longitudinal

p = plastic region

¢ - clustic region

o == 100 percent overstrain condition

HMTRODUCTION

The requirements for | ¢ vessels of high eladiv Toad varrying cape. Wy

is rapidly increasing as o cnced by the rapid advancements in such ficl
chemical processing and hydrostatic compacting. Similarly, in such fiel 5

cannon, there is a constunt aim towards inereasing the strength to weigli
ratio of wenpons. Along with this trend towards higher pressures in these and
other fields, the design and fabrication of prossure vessels becomes inereasingly
Jilieult, A point is reached where it is no longer feasible to simply increase
the digseter ratio and/or the basie material strengths and it becomes necessary
to consider oither means of increasing the elastic load crrying capacity. The

1 . ~ ky ~
masteinman technigues !

¢ the elustic lond earrving capacity are
stafrettuge. All of ahiese techniques are bised
1 ostresses to counteract the operating stresses.
nost efficient. Tt has been the purpose of the
1o study the application of the autofrettage
sicated from current high strength materials.

ich a favorable residual stress distribution is
produced by subjecting U der to an internal pressurc of sufficient
magnitude 1o cause plastic sart or all of the eylinder wall. When the
pressure s released, residual . - - ses are set up which are compressive near

jockoting, wire Wy pis:
oit the use ol induaced
Autoflrettage, hawever.
work swamarized in 1l
principle to pressure yes..
Autofrettage is a proces

the bore chinnging to tensile tow e eds (he outside surface. These residual stresses
oppose the operating stresses, thus increasing the elastie load currying capacity
of the vessel,

Several investigators have studied the theoretical solution in terms of the
stresses dnd strains associated with the overstrain of thick-wall eylinders.
These solutions; however, are primarily based on the Tresca yield criterion
and. although simple by comparison, they are inherently inaccurate as
compared to those based on the von NMises yield criterion. Unfortunately.
however, the use of the van Mises eriterion results in very complex relution-
Jiips that often cannot be obtiined in closed form.

Ihe experimental study of the oserstrain of thick-wall cylinders i the past
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has been primarily limited to low-strength materials by today™s standards,
Consequently, much of the data is inaccurate and incomplete when applied to
current high strength materials.

This paper summarizes a portion of the results of an experimental program

ass©tvd with the study of 1o overstrain of thick-wall eylinders in the
di ororatio range of 1.4 ol nominal yicld strength level of 165.000
Pt crimental data are . ced for the pressure required for, and the

disy mients associated wit 100 pereent overstrain condition. Using
emp el relationships, the em for the open-end cylinder condition
using the von Mises criterion is presentsd. Simplificd relationships @y < iven

and campared to the experimental dat: 7 Soth the stresses and displs cwents
in the plastic and elastic portion,

I'n addition to these subjects covered - in this paper, other pho © 7 1he
stitdy of overstrained thick-wall eylinders ¢ under way and will be -+ -ied
dta Jater date, Included are experimental determinations of the - lazl

ress distribution, effeets of material removal and temperatus ihe

tstic strength, and progressive stress damage studies.

DESCRIPTION OF TESTS AND APPARATUS

st Specimens

The spacimen geometry consisted of a comme = Initial 1-in. bo wer
voithr a length of 17 in, This length was det: d to be greal oA
overcome end eflfeets in tie urgest diameter avestigated,

All specimens were obtained from 4340 st "y S0 0. Jong and <.
in dinmeter which were gun drilled and cut vwo 40 in, lengths. “tlhese
lengths were heat treated by austenitizing at 13257 F, oil quenching in the
longitudinal direction and tempering at 1075 1F -1 25" with a resuliant
nominal yield strength of 165,000 psi. Each heat treated bar was then finish
reamed 1o 1 in. 1D, and cut to obtain three 11 in. specimens. The remaining
7 in. of material provided tensile and charpy specimens.

Restraining Containers

Preliminary experimentation was conducted using several specimens,
raneing in diameter rutio from 1.4 to 2.4, to determine the wnifermity of
strain along the specimen length. Due to the natural inhomogeneity of
material, particularly at this hieh strength level, Targe variations in plastic
dilation were noted, both along the length and circumfercutindly. Therefore,
to insurc uniform deformation throughout, external restraining containers
vere utilized. These container- were splitat the half-length point and recessed
to allow the application of + _ain gages to the specimen surface as shown in
Fg 1k )




To Mo DANIDSON ef al,

¥, 1 Specimen sl contis

Prossupe Seals

The seal configuration used, as shown in Fig. 2, was of the unsupported
darea ty) consisting of an “O” sing and an annealed 1020 steel ring that is
forec” = aninedis o plane by the internal pressure. This configuration was
com: Pas the Tplest and most trouble-free over the large range of
e e bore enlargements, and dicuneter ratios encountered in
this i '
st Ay,

Tl presv csves ceasshownin e, 3wasa 200,000 psi 10 in®min intensitice
(y pe pomping system nanufactured by the arwood Engincering Compuny.
This s otom Ras an iotensification ratio of 10021 with a low pressure source of
2000 pai et cliireing pressure of 10,000 psi,

Pressuves were mcasured with a Nanganin cell and a Wheatstone bridga.
This Marganin pressire measurement system was calibrated on a controlled
clearance piston mee which utilizes a known weight supported on a free
piston of Encvn areas Inthis device the unknown pressure. which the
Manganin cell mewsures, is ntroduced into the bottom of the cviinder and

ety
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the piston floated. From the known weight supported by the piston of a
specified aren, the pressure can be determined 10 an aceuracy of 0.1 pereent,

Thetangential strainat the outside sur fee during theapplication of prvasure
wis measurcd by 2 SR-4 type strain pioes attached to the outside « 7w of
the specimen at the midlength and « - aetrically opposed. An SE & - ain

Clasure

- Steel Ring
0-Ring

Fia. 2. Pressure seal conligurition.

indicator yas used on most tests for measuring the strain, A photograph of
the physical strain meesurement setup is shown in Fig. 4, Supplemental data
was oblained using a Maseley Maodel 28 N-Y recorder. This recorder
simultancously me wred and plotted outside surfuce strain and pressure.
Tewas calibrated by the use of an accurate shunt resistance in one arm of a
4-arm bridge.

The overall experimental accuracy depended upon the Manganin eell and
Wheatstone bridee in the pressure ms -vrement system, and strain gages,
SR indicator, N-Y recorder and associntad striin recording equipment in
the strain-measurement vircuin. The estimated error, including the human
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Fia. 3. 200,080 psi testing si'3tem.

Fic;. 4. Pressure and strain meastrement equipment.
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element, was approximately 1 pereent in the pressure measuring system and
4 preentin the strain measurement circuit.

Test Procedure
previously stated, all the data in this study was obtained from cylinders
tolly supported by restrajning containers during autofrettage. The
.tod pereent bore enlargement was controlled by the outside dinmeter
przcimen, thus controlling the subsequent expansion of cach specimen.
i to determine when the desired percent overstrain was obtained, the
ner was strain gaged using SR-4 type, A-7 gages tangentially directed

o metrically opposed at intervals along the length of the container. When

~.l, but substantial reading (conerally between 100 and 200 pin./in.), was
obtzoizd on all container gojes, it was assumed that the specimen had
uniformly contacted the cor*#l i wnd uniform plastic flow achieved.

Strain readings from the I 1.ipontial gages on the midsection of the speci-
men were recorded at @ ¢ ~luie intervals of inducsd [nternal pressure,
From these data, plots ¢ “.:nul pressure vs. outsid: :u:fuce strain from
both tangential strain ga:. niade for increasing ar -~ “vcreasing pressu
On a few tests, longity iin was measured by iz longitudinally
orientzd strain gages.

Physical dimensions - Twore, external diameter, und length were
measured, before and af Teltage, utilizing serew micrometess and dial
bore gages to an gccuracy of L 1 002 in. -

T

)

B
¢

20 Diometer Ratin

165,000 put Yie'd Streng'h 2.etage

Pressura  Factor (

———— Strain Sledilized

Nermo!l  Testng Prozedure
{Aecge)

S e TSRS (RSN (COR S| S N | (I (| >
' 2 5 i -] 5 i k) 3 1o

Strein Factor [ &
%

Fic. 5. Prassure factor vs. struin factor showing cfTect of strain stubilization.
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During the tests, the delay or “stabilization™ period for the measurement
of the increment of strain produced by a pressure change was maintained at
approxinutely 30 see per reading. Some specimens were tested, however,
allowing complete strain “stabilization™ at cach pressure increment. As shown
in Fig. §, the use of the 30 see “stabilization™ period did not significantly
chunge the results as derived from the pressure-strain data und it allowed the
testing of @ large number of eylinders in a limited period of time.

RESULTS AND MiSCUSSION
End condition Analysis

In the pressure seal configuration
fixed to the tube or eylinder. Howe

d, the scal was not mechanically
<ince the steel ring moves up the

S perimeantal
Cp2n End

Closed End

~——=—— Restrained End

! {155
22 2.4

Diameter Raotio
Fii. 6, Slope in the elustic range of internal pressure—outside surface strain curve vs,
dinmwter ratio.
inclined plane of the seal head, there is a tensile longitudinal stress induced in
the linder frons the frictional forces between the ring and the inner cylinder
veallo A w1 b shown, how ever, this stress is of low enough magnitude that
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the results obtained more closely approximated the open end than closed end
condition.

Using Hookes’ Law and the Lamé equations for elastic stresses in thick-
walled cylinders, it can be shown that the slopes of the pressure---outside
surfice strain curve in the elastic region for the various cod conditions are -

3 ca
1. Closed end l‘ e !, l
€1y 2 - Jt

2. Open end & ”_:2__-!

5

3. Restrained end & L :

€th 2(] = ,:?‘)

Figure 6 shows a plot of these equatic: 'us a curve showin: - srage
values obtained experimentally. From ¢ ure it is seen thus waical
condition encountered in this experime rogram correlates . Jiih
the open end condition.

Elastic Breakdown

The plot of internal pressure versus o -702 surface strain is linear )
initial yield or clastic breakdown at the bore. The experimental valucs *or
the clastic breakdown pre<-.re were averaged for each diameter ratio . :d
plotted in Fig. 7 as a fu * n of pressure factor vs. diamecter ratio. For

100 Percent Overstroin

155,000 psy

)

P
ay
o

Elastic Breckdown

—
=
e

a

Pressure Faclor (

@ © Experimental
Von Mises Yield Criterion
s=====— Tresca Yield Criterion

— —— Empitical

1 ! | | S S
V8 22 26

Digmeter  Rstio
Elastic breakdown and 100 pereent <~ erstrain pressure factor vs. diameter
ratio.
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comparison, the theoretical clastic breakdown pressure factor, based on the
von Mises and Tresea yield eriteria for the open end condition, are also
shown. Based on the von Mises yield criterion and assuming o, == 0, elastic
breakdown aceurs when:

ne—1

M
Froo ot Tresen yield eriterion elastic breakdown is:

= 'I E
PRI == 2
20" (
As can be seen from the fisure, there is close correlation between the
experimentally determined and the theoretical von Mises clastic breakdown
condition.

100 Percent Overstrain .

When the internul pressure exceeds the clastic breakdown pressure, the
clastic-plastic interfice moves from the bore towards the ouiside diameter.
This movement is a Munction of the internal pressure, yield strength, diameter

b e
e
PSS

-3

Siress { psi X 10

N N N | ST e E— See—
ci c2 o3 04 o5 o5 07

Stra'n (W /2]

Iici. 8. Stress strain diagram.

ratio and the strain hardening capahilities of the material. The strain hardening
of this muterial at the yield-strensth level considered is small, as shown in
Fig, 8wl oh is o tensile stress-strain dingram for the material used in this

program. As can be seen from the fizure. for purposes of caleulation and
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interpretation of the experimental results, the assumption of a clastic-perfectly
plastic material is valid.

The exterior surface of an open end cylinder subjected 1o internal pressure
is in a condition of uniaxial stress since oy wnd o are zero. Therefore. the
condition of 100 percent overstrain miy be defined as that at which the
outside surface strain equals the strain associated with the yield stress of 1
material in uniaxial tension or

Ty

E

The pressure required to produc < is condition (2,) was experimental:
determin F for the specimens test ~should be noted that, since most of
the spu s were designed for ¢ o than 100 percent overstrain, there
wasus, - & contact between the ) cimen and container at the 100 percent
oVEersi odition, These values of £y were converted to pressure factor,
and ull “s for the same dinmeter ratio were averaged and plotted in Fig. 7.
These data oy be represented by an cmipirical relationship:

Py = 1.08 0, log 1" ()

Weigle! gives the following equation for the 100 percent everstinin pressi
based on the von Mises yield criterion and assuming oz - Ut

20/(3) tan-(@ — 1Y -+ ln @y = Infi 4 Q) — 132
N T

where tly = «1:3
0
and X = yield stress in simple shear.
For ¢ 2 of application, this equation miy be approximated very accan o'y
by the ¢ * tionship
' Po=1.10e. " i (%)

Tt sh i be noted, however, that 1.
under pi-ure which is slightly less the Hial diameter ratio used in Eq.
(). Both cquations, then, arc in very creement and, for caleulation
purposes, the initial diameter ratio and + 1) will be utilized.

The clase agreement of Eq. (6) with the ¢ perimental data of Fig. 7 again
verifies the assumption of an open end test condition.

6y refers to the diameter ratio

Paritial Overstrain
In deriving relationships for stresses and strains in a partially overstrained
eylinder the following basic assumptions are made.
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(@) The longitudinal stiess throughout the tube is zero.

(M) The exlinder is considered infinitely long, since the center portion is far
cnough from the ends to be free of any end effect. The longitudinal
steain, therefore, must be canstant with respect ta r.

(¢) The pressure required to produce full plastic flow in the tube is given by
Eq. (). e, 2y 2= 1.08 oy log W where 17is the initial diameter ratio,
() If & cylinder is in the fully plustic condition (subject to an internal
pressure Py) and is then subjected to an external pressure, Pe, in order
to maintain the fully plastic condition and equilibrivm, the internal

pressure, Py, must 1. cased by an amount equal to P e,

=Py 4 Pes v

1. Flastic region. Tl portion of a partially plastic oylinder is
considered s & separate ¢yli. of internal radius p (elastic-3! - interface
radius) ant oxternal radius & The radial stress and there! internal

eeenre at L s equal to that yequired to produce elastic t s at p.

wJovre, e o TgL(1:
3 b* — p

—_— ()’y \ ,’(}‘h. .5 (b‘

U,—i.’ ==

e stpesas throuzhout the elastic regi. . .oe then obteined from Eq. (8)

il L equat s

lf.)pg [;: (
Tpe =+ z ,(:[,; _:: ‘PQ) (1 i '.2.) ()J

_ aypt N K| 1,9
e = TG F Y (1 . rl) o

where p < ¢ = 6.
Strains in the clastic region are obtained from the above and the generalized
Hookes" law.

ayp* 5 5
S 2E \ ‘(3/11 ‘_t Pl) (1 — @) * — (1 + p) 6°] (11)

90 gprmir sy K =04 @ D) (%)

i

2je oy p* (13

EAQEDY - pY) |
2. Plastic reziont, The plastic portion of the cylinder, i.e. where a = r = p,
v b cansiderad ws aseparate. fully phistic eylinder acted on by an inicrnal
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pressure equal to ——ay, at some radius, r, and an external pressure o at g
Therefore, from Eq. (7)

(Trl, = U,-i'. .1‘. n-r.l. (]-‘)

where a0 cquals -y which is the pressure required 1o produce full plastic
flow in scction considered.

From Eq. (1)
Ty = 1080y In (15

Substituting ar, and oy, from Tqgs. /%) and (15), respectively, into Eg
(14) yields for the radial stress at radi - the plastic region.

’ bi'. oo pﬁ
O’rp = e O'y[ ].0\\ L '\/(31)‘>-:~-I)'r)}

'
The well known equilibrium cquatic  for a thick-wall eylinder is
1 1 ¥

dor
ap == op - I —

dr
From Egs. (16) and (17), the tangeutiul stress in the plastic regi

; P b2 — p?
Gy oy =108 In = 4 1.08 = - - :
[ r A (301 - p‘)_]
Theuseof i+ ifical coelicivit 1.08 inEgs. (16) and (18) leads
slishit diseo i the g distribution at the <lastic plastic interf:
is due to wient varying somewhat with the clastic-plastic -
location. H. -, since the error is small, for the sake of simyi!
can be assuli: it the coeflicient is constant and independent of p.
To determin. . strains in the plastic region, it is assumed that th
change in voluu e plastic region is elastic in nature and is given by :

1=2
bad o= g (ot o )

Defining ¢, and « in terms of radial displacement /) and su”
values of e: and o, and o from Eqs. (13), (16) and (1 pectis
yiclds the following differential equation:

de 1w oy Jf

g
e EL(] = 2/1)[2‘16 n 4 108 —

Z(bﬁ = ; ?
\!(3[)' -i- fl:}J

2uep? 1

RRXCE)

20)
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This equation may be solved using the boundary condition of continuity
of 1 at the elastic-plastie interft o2 as given by Eq. (12). The resultant equa-
tion for displacement in the pl e region under pressure becomes:

i

(G r
Z 4 /;.'[l.(\SU == 21 In ;

% NEEY

. o
A0 ) - B - 20 4 () ) @ ':./9]
Pressiwro=exterior Surfuce Strain
Graphs of exterior surfuce strain factor vs. pressure factor were obtained
for all specimens tested. All curves for the same diame= v ratio were averaged
and are shown as the experimental curves in Fig, 9.

— == Faperimentol, Rierege Dala

= Thecpeticzl

Lr——- Thecreticel 100 Percen! Owverstran
|

|
1.0 12
!
gem,
Oy

Surfoce Stroin Facler |
Fia. 9. Pressure fuctor vs, outside surface strain factor for various diameter ratios.
Since the radial stress at the bore (r == @) is equal to the internal pressure,

the equation for £, (pressire to produce plastic flow to a depth p) may be
written from Eq. (16):

v, s B, = 22
Pp = a_.,[ 10§ In 4 oK P,)] ; (72}
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The expression for exterior-surfuce strain fictor iy obtained from . (12
by substituting r =~ b

S = ,(”’,:“ = " , 5%
T G Y W

Solving ¥Xq. (23) for p and substituting in Eq. (22) yiclds:

PE l~08] ASFENA, / 4 — S & o

plots of this relationship are shown in Fig. 9 along with the experi-
al data. As can be seen, very elose agreement was obtained otveon
b (24 and the experimental averages,

PERMANENT ENLARGEMENT RATIO

An important factor in the design of thick-wall eylinders using auteficttage
is the ratio of the permancnt enlargement at the bore to that at the outside

O--- Frperimental Data

Theoreticul  PER = 850 4

Ralio

Enlgrgemen?

Permanent

20 22

Digmeler Ratio

Fig. 10, Pamanent enlaracment ratio vs, dicuneter ratio,

surface. This ratio was obtained by physical measurements for all specimens
tested. No correlation was for ! between permanent enlargement rutio «od
percent bare enlargement an oerefore, all values for the same di tor
ratio were average. These iy Paalues are shown as experimental |7 0s
in Fig. 10,
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-

The theoretical reketionship for permanent enlargement ratio may be
derived as follows, The enlargement of the bore under pressure is given by
Fa. (2D substituting r @ Tolind the permanent enlargement of the bore, the
elastic recovery must be substracted from the enlargement under pressure,
The clastic recovery is given by the Lamé equation and the salue of pressure
et 17 (229,

The enlurgement of the outside surface under interna] pressure is found
from Ve (12) letting v b and the elastic recovery of the exterior surface is
apuin subiracted as was that for the inside surface. Dividing the resuliing
eyution for pormanem bore enlargement by that for permunent
of the outside surfuce yields the following equation for the peri
ment ratio.

Lirgement

ot enlarge-

;A i 1 bl i " =
BRI = 5 [.(.-. =) It ”,.] (:

A plot of this equation is shown in Fig, 10 forp — 0-3.
Tis feresting to pote that Eq. (23) can be derived directly from geometric
carisiderations ussunifite ao net change in volure as a result of overstiain,

Poreest Pornisivio o B Palirgement

oo 49e, 908 o s
(stesiny fuctor = L0y is seschad, thie pressure-strain curve becormes essentinlly
flat. U is therefore. dermned that no additional benelit can be ohtained by

Farthes delopna atiog

aiv that, when a conduion of 100 poresnt overstiiin

o percent overstrain is e antiimum amono
g ener diamcter ratios whers peves

will eocu "o e oo i wpd

of deform

se vielding
useof the 100 percent oversirain pressure,
[he wptin vient bore enlargement may be slichtly less. However, in the
diametor svestigaded, this reverse yielding effeet is considered neglig-

ible.

Thep manent bore enlargement required to produce 100 percent
overstin’ termined experimentally by plotting the maximum exterior
surfice tor vs. the percent permanent bore enlargement obtained

n. This yielded a family of curves, one for each diameter
ravo. The | ot ol intersection of cach of these curves with the horizontal
line reprecenting a strain fuctor of 1.0 indicated the value of permanent bore
enbirzement to just produee 100 percent oversirain. These points are plotted
i g, 11, »

The theoret al curse shown is obtained by substituting r == a and p == bin
Fa. (21) viclding the Tollowing equation for bore strain at 100 percent over-

Sl pressuze.

for each

T

€t %] S(E - - 2 oo B =0 s 5
L L.OS(I 2y In W gt ( 3 1 (26)

2
2
—
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O Esperme Doy

— Thegret.

Dunrstegn

Parepay

A

t

cr

£

cnent Bore  Enlgrgemant

Sene

(8]

165,600 pse

Yield Stiength

Sesent

! L S (R | |
(v} 2 () 1€ L8 20 22 2.4

Diwcmeter Ralio

Fic. 11, Pacent permanent bore cn!‘:rgmne_m for 100 per cent overstrain vs, diameter
ratio.
The clastic re-nvery at the bore is given by the Lam¢ equations and I‘q ).
e 2 el L G A 4 ] @)
Subtracting Eq. (27) from Eq. (26) yields:
etaperm = [+ Q= )17 [; - ]?,Szln_ ,]’J

This cquation is plotted in Fig, 11 for e == 0.3 and is in good sereement with
the expeninenta! values,
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